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APPROXIMATE FIXED POINT PROPERTY IN 
INTUITIONISTIC FUZZY NORMED SPACE 

MUZEYYEN ERTURK, VATAN KARAKAYA, AND M. MURSALEEN 


Abstract. In this paper, we define concept of approximate fixed point prop¬ 
erty of a function and a set in intuitionistic fuzzy normed space. Furthermore, 
we give intuitionistic fuzzy version of some class of maps used in fixed point 
theory and investigate approximate fixed point property of these maps. 


1. Introduction 

Fuzzy theory was introduced by Zadeh |23) and was generalized by Atanassov [5] 
as intuititonistic fuzzy theory. This theory is used many branches of science. Using 
idea of intuitionistic fuzzy, Park |18| defined intuitionistic fuzzy metric space, later 
Saadati and Park |20] introduced intuitionistic fuzzy normed space. Intuitionistic 
fuzzy analogous of many concepts used in functional analysis were studied via 
intuitionistic fuzzy metric and norm m. [is]:[n]: m. 0 , 111 ], m)- Fixed point 
theory is one of fields studied intuitionistic fuzzy version. Some of works related 
intuitionistic fuzzy fixed point theory can be found in 0, [H, 0, M: 0- 

On the other hand, there are many problems which can be solved with fixed 
point theory. But in most cases, it is enough finding an approximate solution. 
So, the existence of fixed point may not be necessary for solution of a problem. 
A reason of being attractive of this approach is addition of strong conditions for 
the solution of problem. To find approximate solution of problem may be easier 
putting less requirement. Hence, it is natural to define approximate fixed point of 
a function and to produce theory related to this concept. It is meant that x is close 
to / (x) with approximate fixed point of / (cc). There are several studies related to 
this concept( [B], [TT], 0, [S], [H], 0). 

In this study, we define and study the concept of approximate fixed point prop¬ 
erty of a function and a set which is used fixed point theory in intuitionistic fuzzy 
normed space by inspiring studies of Berinde [5] and Anoop [2] . We give examples 
related this concept in intuitionistic fuzzy normed space. 

Firstly, we mention some concept used in our article. 

Definition 1 (see |22jl. A binary operation * : [0,1] x [0,1] is a continuous t-norm 
if it satisfies the following conditions: (i) * is associative and commutative; (ii) * 
is continuous; (Hi) a * I = a for all a € [0,1]; (iv) a * b < c * d whenever a < c and 
b < d for each a, b,c,dG [0,1]. 

Definition 2 (see |22jl. A binary operation o : [0,1] x [0,1] is a continuous t-conorm 
if it satisfies the following conditions: (i) o is associative and commutative; (ii) o 
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is continuous; (Hi) aoO = a for all a € [0, 1 ]; (iv) aob < cod whenever a < c and 
b < d for each a, b,c,dG [ 0 , 1 ]. 

Definition 3 (see m)- Let * be a continuous t-norm, o be a continuous t-conorm 
and X be a linear space over the field IF(M. or Cj. If pL and v are fuzzy sets on 
X X (0,oo) satisfying the following conditions, the five-tuple {X, pL,v,*,o) is said to 
be an intuitionistic fuzzy normed space and {p, v) is called an intuitionistic fuzzy 
norm. For every x,y G X and s,t > 0, 

(i) PL {x,t) + iz {x,t) < 1 , 

(a) p (x, t) > 0 , 

(Hi) p (x, t) = 1 X = 0, 

(iv) p (ax, t) = p (^x, for each a ^ 0, 

(v) p {x, t)* p{y,s) < p{x -i-y,t-i- s) 

(vi) p (x ,.) : ( 0 ,oo) -G [ 0 , 1 ] is continuous, 

(vH) lim p {x, t) = 1 and lim/j, (x, t) = 0, 

t—^oc i—>-0 

(via) V (x, t) < 1,1/ 

(ix) V (x, t) = 0 X = 0, 

(x) V {ax, t) = V ^x, for each a 7 ^ 0 , 

(xi) V (x, t)o V {y,s) > V {x y,t s), 

(xii) v{x,.) : ( 0 ,oo) [ 0 , 1 ] is continuous, 

(xiii) lim v (x, t) = 0 and \\mv (x, t) = 1 , 

t^oo t^o 

we further assume that {X, p, v, *, o) satisfies the following axiom: 

/•I aoa = a'l„ „ 

(xiv) > for all a G 0 , 1 ]. 

a * o = a J ^ 

We use IFNS instead of intuitionistic fuzzy normed space for the sake of abbre¬ 
viation. 

Lemma 1 (see [20jl. Let {p,v) he intuitionistic fuzzy norm. For any t > 0,the 
following hold: 

(i) p (x, t) and v (x, t) are nondecreasing and nonincreasing with respect 
to t, respectively. 

(H) p{x — y,t) = p{y — X, t) and v {x — y,t) = v {y — x,t). 

Definition 4 (see [1^). A seguence (xfe) in {X, p, v, *, o) converges to x if and only 
*/ 

p (xfc — X, t) —>• 1 and v {xk — x, t) —>■ 0 

as k ^ 00 , for each t > 0. We denote the convergence of {xk) to x by Xk x. 

Definition 5 (see [lO])- Le.t {X, p,v,*,o) he an IFNS. {X, p,v,*,o) is said to he 
complete if every Cauchy sequence in {X, p,v,*,o) is convergent. 

Definition 6 (see [TB]1. Let X and Y be two IFNS. f : X ^ Y is continuous at 
xq G X if (/ (xfe)) in Y convergences to f (xq) for any (xfc) in X converging to Xg. 

If f : X ^ Y is continuous at each element of X, then f : X ^ Y is said to be 
continuous on X. 

Definition 7 (see m)- Let {X, p, v,*,o) he an IFNS. A C X is dense in {X, p, v,*,o) 
if there exists a sequence (xfc) G A such that Xk x for all x G X. 
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Definition 8 (see [I]). (X, /i, i/, *, 0) be an intuitionistic fuzzy metric space. We 
call the mapping f : X ^ X intuitionistic fuzzy contraction map, if there exists 
a G ( 0 , 1 ) such that 

h- if ix) ,fiy), at) > p. {x, y, t) and v (/ (a;), / (y) , at) < p {x, y, t) 
for all x,y G X and t > 0. 

Definition 9 (see [4]). {X, p,iz,*,(}) be an intuitionistic fuzzy metric space. We 
call the mapping f : X ^ X intuitionistic fuzzy nonexpansive, if 

y if ix) ,fiy),t)>p (x, y, t) and v (/ {x), f iy) ,t) < p {x, y, t) 
for all x,y G X and t > 0. 

Lemma 2 (see m)- Let {X, p, V, 0) be an intuitionistic fuzzy metric space. 

a) If lim Xk = X and lim yk = y 

k—^oc k—¥oc 

pix,y,t)< lim inip{xk,yk,t) and v {x,y,t) > lim snp iz {xk,yk,t) 

k—^oo fe—>-oo 

for all t > 0. 

b) If lim Xk = X and lim yk = y 

k—^oo k—¥oo 

yix,y,t)> lim svLppixk,yk,t) and v ix,y,t) < lim ini v {xk,yk,t) 

k—^cxi k—¥oo 

for all t > 0. 


2. Main Results 


Firstly, we define approximate fixed point property, diameter of a set in intition- 
istic fuzzy normed space and give examples. 

Definition 10. Let (X, p, v, *, 0) be an IFNS and / : X —>■ X be a function. Given 
e > 0. It is said that xq G X is an intuitionistic fuzzy e—fixed point or approximate 
fixed point (ifafp) of f if 

p ifixo) - Xo,t) > 1 - e and v (/(xq) - xo,t) < e 
for all t > 0. We denote the set of intuitionistic fuzzy e—fixed points of f with 
F^^’''\f). 


Definition 11. It is said that f has the intuitionistic fuzzy approximate fixed point 
property (ifafpp) if Fe^'''\f) is not empty for every e > 0. 


Example 1. Let f : M. ^ M. be a function given by f (x) = x + ^. For all x G 
and every t > 0 , (M,/i, u, *, (}) is an intuitionistic fuzzy normed space with 


p{x,t) 


t 

t + |x| 


and V (x, t) 


t + \x\ 


where |.| is usual norm on R, a*b = a.b and a()b = min {a + b, 1} for all a,b G [a, b]. 
This function has not any fixed point. For e > (ind t > 0, every x G is 

e—fixed point since 


p{f{x)-x,t) 




\f{x)-x\ 

\ f{x) -x|’ 



et 


1 -e' 


that is 
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But (/) = 0 for e < t > 0. 

Example 2. Consider f(x) = defined on (0,1) . ((0,1) , *, 0) is an intu- 

itionistic fuzzy normed space with respect to (/i, v) in the Example 1. As known, 
f has not any fixed point on (0,1) . We investigate intuitionistic fuzzy approximate 
fixed point of f. For every e > 0 and t > 0, there exists x S (0,1) such that x satisfies 

-*>*) = t +1/(1) - X| > 1 " </<»’) -»>*) = t + |/M- »l 

that is 

9 I ei 

X — x\ < - -. 

' 1 — e 

So, f has the intuitionistic fuzzy approximate fixed point property, since (/) 

is not empty for every e > 0 . 

Definition 12. Let K be nonempty subset of{X, p, v, 0). We say that (A {K ), {K)) 

is intuitionistic fuzzy diameter of K with respect to t where 

Sfj, (K) = inf {fj, {x — y,t) : x,y G K} and 6i, (K) = sup {n (x — y,t) : x,y G K} 

for t > 0. 

Theorem 1. Let X be a intuitionistic fuzzy normed space, and f : X ^ X be a 
function. We suppose that 

(a) There exist i9 (ei) ,t9 (€ 2 ) such that 

Hix-y,t) > ei* fj,{f{x) - f{y),ti) ^ fj,{x-y,t) >d{ei) ,yx,y G F^>^’‘'\f) 
v{x-y,t) < e 2 ()izif{x) - f{y),t 2 ) ^ iz{x-y,t) <id{e 2 ) ,yx,y G F^^’''1{f) 

for x,y G F^^’^^f) and £ 1,62 € (0,1). 

Then (A''’"^(/))) = (d(£i) ,d(£ 2 )). 


Proof. Let e > 0 and x,y G Fi^'''\f). Then 

/i {f{x) — x,t) > 1 — e and v {f{x) — x,t) < e 


and 

ifiy) - y,t) > 1 - e and n (/(j/) -y,t) < e. 

It can be written 


y{x-y,f) > y[f{x)-x,-]*p.[f{x)-f{y),-]*p.[f{y)-y 


> e*e* yi f{x) - f{y), 


e*M (fix) - fiy), ^ 
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and 


V (x 


y,t) < (j{x) - <)iy (^f{x) 

< eOeOi/^/(x)-/(j/),0 
= eOi^ (^/(x) -/(y), 0 . 




By (ii), for every x,y € Fe^’‘'\f), we get 

y,{x — y,t) >1? (ei) and v {x — y,t) < i 9 (€2) ■ 


Hence, 


□ 


Now, we introduce intuitionistic fuzzy asymptotic regularity to investigate intu- 
itionistic fuzzy approximate fixed point property of some operators. 

Definition 13. Let (X, /x, iz, *, 0) be an IFNS and f : X ^ X be a function. It is 
said that f is intuitionistic fuzzy asymptotic regular if 

lim y (f+^{x) - f'^ {x),t) = 1 and lim n (f+^{x) - f (x) ,t) = 0 

k—^oo ^ ' k^oo ^ ' 

for every x € X and t > 0. 

Theorem 2. Let {X, /x, n, *, 0) be an IFNS and f : X ^ X be a function. If f has 
intuitionistic fuzzy asymptotic regular, then there are intuitionistic fuzzy approxi¬ 
mate fixed points of f. 

Proof. Let xo be arbitrary element of X. Since / is intuitionistic fuzzy asymptotic 
regular, 

lim ^(/'=+^(xo) - f'^ (xo) ,t) = 1 and lim v (/'=+^(xo) - f'^ (xq) ,t) = 0 . 

k^co k^oc 

In this case, for every e > 0 there exists ko (e) S N such that 

^(/''+^(xo) - f'" (xo) ,t) > 1 - e and IX (/''+^(xo) - f’" (xo),t) < e 
for every k > (e) . If we denote (xq) by yo, we have 

sif^^ixo) - f {xo),t) = y{f {f{xo)) - f (xo) ,t) = y{f (yo))-yo,t) > 1 
and V {f+^{xo) - f^ {xq) ,t) = v {f (/'"( xq )) - f^ {xq) ,t) = v {f {yo)) - yo,t) < e. 
This shows that j/o is intuitionistic fuzzy approximate fixed point of /. □ 

Now, we introduce intuitionistic fuzzy analogous of mapping such as Kannan, 
Chatterjea, Zamfrescu and weak contraction and investigate that these maps have 
approximate fixed point under certain conditions. Firstly, we show that intuition¬ 
istic fuzzy contraction map has approximate fixed point property. 

Theorem 3. Let (X,/x, ix, *, 0) be an IFNS, and f : X ^ X be a intuiuionistic 
fuzzy contraction. Then every e G (0,1), F^^'''\f) 7 ^ 0 . 
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Proof. Let x € X and e G (0,1), t > 0. 

> ... 

> fx(^x-fix),^^ 

and 

Hf{x)-f+\x),t) = :.{f{f-\x))-f{f{x)),t) 

< ^(^f-\x)-f{x),^-^ 

< ... 

< iy(^x-f{x),^^ 

For a G (0,1), A: ^ oo ^ oo, by properties (vii) and (xiii) of intuitionistic 
fuzzy norm 

fi{f{x)-f+\x),t) ^ 1 

iy{f+\x)-fix),t) ^ 0 . 

By Theorem 2, it follows that F^^'''\f) ^ 0 for every e G (0,1). □ 

Example 3. The open interval (0,1) is an intuitionistic fuzzy normed space with 
intuitionistic fuzzy norm, t-norm and t-conorm given in Example 1. Consider f : 
(0,1) —> (0,1) given by f (x) = ^x. This map has not any fixed point in (0,1). 
Furthermore, f is an intuitionistic fuzzy contraction map since 

M (^/(a^)-/(l /),0 = t =T{x-y,t), 

v{f{x) - f{y),^ = ^ =v{x-y,t) 

^ 2 I 2 2 I 

for every x,y G ( 0 , 1 ) and t > 0. fFe write ^x < from 
p{x-f{x),t) = 

rx \ t 

= f-U.O'rn 

and 

v{x-f{x),t) = n(x-^,tj 


< e. 
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For every e G (0,1) and t > 0 there exists x G (0,1) such that ^x < So, f has 
intuitionistic fuzzy approximate fixed point property. 

Definition 14. Let X be an intuitionistic fuzzy normed space. If there exist a G 
(O, i) such that 


t^ifix) - f{y),at) > fi{x- f{x),t)* fi{y - f{y),t) 
- f{y),at) < v{x-f{x),t)0v{y-f{y),t) 


for every x,y € X and t > 0, then f : X ^ X is called intuitionistic fuzzy Kannan 
operator. 

Theorem 4. Let {X, be an IFNS havig partial order relation denoted 

by where a *b = min {a, 6} and a(}b = max {a, 6}, and f : X ^ X be an 
intuitionistic fuzzy Kannan operator satisfying x F f{x) for every x € X. Assume 
that FC XxX hold following conditions: 

(i) < is subvector space. 

or 

(ii) X is a. complete ordered space. 

If y,{., f) is non-decreasing, v (.,t) is non-increasing for every t G (0, oo) and for 
every x F 6 (9 is unit elemant in vector space X), then every e G (0,1), Fe^'''\f) ^ 

0 . 


Proof. Let x € X and e G (0,1), t > 0. We can write from x F f{x) for every 
X G X, 


X ^ f{x) F f{x) ^ f{x) ^ ... ^ f'^ix) F .... 


Considering assumptions, we have 


y{f+Hx)-f{x),t) 


= 


(a;)) - 

/(/' 

' ^(a;)) ,t) 




> 

ffix) 

-f^\x), 


L(f-\x) - 

-fix),i 

) 


> 

Lifix) 

-fk- 


fj 

*Lif~'ix) 

-f+^ix, 

t , 

*Kf \x. 

> 

ff\x) 

-f- 

■'(a:), 


*Lif~'ix) 

-f+\x] 

>•£> 

*Lif-\x 

= 

ffix) 

-fk- 


±) 

2a ^ 

*yif-'{x) 

-f+^{x] 



= 

min|/r(/''(x) 

-f 

~\x 



f} 

= 

ffix) 

-fk- 


±) 

2a' 






fix),-) 

a 
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> M - f{x), ^ - f~\x), 

- f{x), * fi (^f~^{x) - f~Hx), 

*fl (^f-^x) - fix), * /X (^f-^ix) - f-\x), 

= (^f~Hx) - f-^x), * /i (^f~^ix) - fix), 

= min (^f~^ix) - f~^ix), ,^i (^fix) - f~^ix), | 


= tJ^(^fix)-fix),^j-l^^ 

> f^(^fix)-fix),^J^^*^^(^x-fix),^J^^ 

- ^ ^ w) * ^ (^ ■ 2 ^) 




= M 




and 


ff+Hx)-fix),t) = ff{fix))-f{f-\x)),t) 

< Hfix) - f+\x), i)0:,if-\x) - fix), ^) 

< ffix) - f-^x), ^)Off-\x) - f+\x), ±)0:,if-\x) - fix), -) 

< Hfix) - f-Hx), 

= ffix) - f-Hx), ^)Off-Hx) - f+Hx), 
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= max|^(r(x) - ^)| 

< ^ - f\x), 0^ - f-\x), 

0^ - fix), 0:^ (^f-\x) - f-^x), 

0^ [f-Hx) - fix), 0^ (^f-Hx) - f-\x), 

= - 0- - ff), 

= maxj^y ,v (^fix) - f-'^ix), 


< V 




= fix)-fix), 


t 


2k-iak-i 


< V 


fix) - jix), 0^ - /(^)’ 


< iy\^fix)-x, 

< v(fix)-x. 


t 


2’^a’^ 

t 

2Faf 


<>i'ix- fix), 


t 


(}i' { X - fix), 


2'^a'^ 

t 

2Faf 


<>i'{x- fix), 


= max<:^ x — fix). 


t 


2 '=a'= 


ly X- fix), 


2 '=a'= 


= ty{x-fix). 


2^a^ 


Now, if we take limit for k —>■ oo, tends to infinity for a € 

prepoerties (vii) and (xiii) of intuitionistic fuzzy norm, 


(f^(x) - f''~''^ix),t) > I X - fix). 


t 


k—¥oo 


\im v f^ix) — f'^~^^ix),f) < Vaav x — ff). 


k—¥oo 


k—^oo 


( 2 a)^ 

t 


t 


(O, i) . Using 

= 1 

= 0 . 
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This means that intuitioonistic fuzzy Kannan operator is intuitionistic fuzzy as¬ 
ymptotic regular. That is, intuitioonistic fuzzy Kannan operator has approximate 
fixed point. □ 


Corollary 1. In the Theorem 4 j if x ^ f{x) for intuitionistic fuzzy Kannan 
operator f and pi{.,t) is non-increasing, v {■,t) is non-decreasing for every t S 
(0, oo) and for every x ^ 6, f has still intuitionistic fuzzy approximate fixed point 
property. 

Definition 15. Let X be an intuitionistic fuzzy normed space. If there exist a € 
(O, 2 ) such that 

hifix) - f{y),at) > p,{x-f{y),t)* p.{y-f{x),t) 

v{f{x) - f{v),at) < v{x-f{y),t)()v{y-f{x),t) 

for every x,y G X and t > 0, then f : X ^ X is called intuitionistic fuzzy 
Chatterjea operator. 

Theorem 5. Let {X, 0) he an IFNS havig partial order relation denoted by ^ 

, where a*b = min {a, b} and a(}b = max {a, b}, and f : X ^ X be an intuitionistic 
fuzzy Chatterjea operator satisfying x ^ f{x) for every x G X. Assume that FC 
XxX hold following conditions: 

(i) :< is subvector space, 
or 

(a) X is a complete ordered space. 

If pi (., t) is non-decreasing, v {.,t) is non-increasing for every t G (0, 00 ) and for 
every x F 9 (9 is unit elemant in vector space X), then every e G (0,1), Fe^'''\f) ^ 

0 . 


Proof. By taking into consideration assumption of theorem, we get 


yif+\x)-f{x),t) 


> y{f{x)-f{x),^)*li{f'^ \x) - f+\x),^) 

= 1 * yif-\x) - f+\x), i) = Kf-\x) - f+\x), 

> y{f-\x) - f\x), * y{f\x) - f+\x), 

= min - fHx), ^), pi{f^+\x) - fix), ^)| 

> h (^f~^{x) - fix), ^ (^f~\x) - f~^ix), 

= h (^f-^{x) - f\x), * 1 = M [f^-\x) - fix), ^ 
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> \x)- 

= min|/x ,^^/'=(x)-/'="^(x),^^| 

= ^,(^f{x)-f{x),^,-^^^ 

> M (^/ (x) - fix), ^kJ^k-i ) * (/"(^) - /"(^)’ 2 fc- 2 lfc-i ) 

= (/ (f - 2fc-4fe-0 * 1 = (/ (^) - /'(^)’ 2fc-2lfc-i ) 

> ^^(^f if - fif^ 2fe-ilfc-0 * ^ ’ 2fc-ilfc-i ) 

= min |/x (^/ (x) - /2(x), (/" (^) - 2fc-ilfc-0 } 

= m(/ 

= ^x{x- f{x),^^^^^*l = ^x(^x- fix),^^^^^ 

> p.(^x-fix),^^*^x(^fix)-fix),^^ 

= min |/x (^x - /(x), , li (^fix) - fix), | 

and 

>^{f+Hx)-fix),t) < „if{x)-fix),-)0,.if-fx)-f+\x),-) 

a a 

= OOff-fx) - f+fx), -) = ff-\x) - f+\x), -) 

a a 

< ff-Hx) - fix), ^)0ffix) - f+\x), 

= max |^(/'="^(x) - fix), ^), i^if+fx) - fix), ^)| 
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< ^ (/"-"(^) - fix), 0 ^ (^f-\x) - f-^x), 

= ^ (^f-^ix) - fix), 00 = ^ (^f-^{x) - fix), 

< - [f-"ix) - f-\x), 0. (^f-Hx) - fix), 

= max|/x (^f~'^ix) - f~^ix), ,v (^fix) - f~^ix), | 

< -{f-^'^-"Hx)-f-^'^-^Hx),^,J^) 

= ^ (f^ix) - fix), 

^ ^ f) - ff)^ ¥^h^) 

= ^ (/ f) - ff)^ 2fe-4fe-0 = ¥=h^) 

^ ^ f) - ff)^ 2fc-ilfc-i ) ’ 2fc-ilfc-i ) 

= max jj. (^/ (x) - f (x), (^f ix) - fix), ^kJ^k-i ) } 

= ^(/ {x)-fix), 2 fc-/^fc-i ) 

= -(^-m^^)oo = -(x-m^^) 

= max jj. - fix), , V (^fix) - fix), | 


Since . * k —)■ oo for A: ^ cx), by means of (vii) and (xiii) properties of intuitionistic 

{2a) 

fuzzy norm, we see intuitionistic fuzzy Chatterjea operator has approximate fixed 
point property. □ 



APPROXIMATE FIXED POINT PROPERTY IN IFNS 


13 


Corollary 2. In the Theorem 5, if x >: f(x) for intuitionistie fuzzy Chatterjea 
operator f and pi{.,t) is non-increasing, v {■,f) is non-decreasing for every t G 
(0, oo) and for every x ^ 6, f has still intuitionistie fuzzy approximate fixed point 
property. 

Definition 16. Let X he an intuitionistie fuzzy normed space. A mapping f : 
X ^ X is called intuitionistie fuzzy Zamfireesu operator if there exists at lea.st 
a € (0,1), fc G (O, 2) , c G (0, 5) such that at least one of the followings is true for 
every x,y € X and t > 0 : 

hif{x) - f{y),at) > p,{x-y),f) 

v{f{x) - f{y),at) < v{x)-y),t). 

a) 

hifix) - f{y),kt) > n{x-f{x),t)* n{y-f{y),t) 
v{f{x) - f{y),kt) < v{x-f{x),t)()v{y-f{y),t). 

Hi) 

T{f{x)-f{y),ct) > y{x-f(y),t)*y{y-f{x),t) 

v{f{x) - f{y),ct) < v{x - f{y),t)(fv{y - f{x),t). 

Theorem 6. Let {X, y, v, *, 0) he an IFNS havig partial order relation denoted hy ^ 
, where a*h = min {a, h} and a(}b = max {a, h}, and f : X ^ X he an intuitionistie 
fuzzy Zamfirescu operator satisfying x ^ f{x) for every x € X. Assume that 
XxX hold following conditions: 

(i) ^ is subvector space, 
or 

(a) X is a complete ordered space. 

If y (., t) is non-decreasing, v {.,t) is non-increasing for every t G (0, 00) and for 
every x F 9 {9 is unit elemant in vector space X), then every e G (0,1), Fe^'''\f ) 

0 . 


Proof. The proof is clear from Theorem 4 and Theorem 5. 


□ 


Definition 17. Let X be an IFNS. If there exist a G (0,1) and L > 0 such that 


T{f{x) - f{y),t) > y[x-y,-] * y[y - f{x), 


v{f{x) - f{y),f) < v[x-y,-]<}iy[y- f(x), 


for every x,y € X and t > 0, then f : X ^ X is called intuitionistie fuzzy weak 
contraction operator. 


Theorem 7. Let X he an IFNS, and f : X ^ X be intuitionistie fuzzy weak contraction. 
Then every e G (0,1), Fe^'''\f) ^ 0. 
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Proof. Let x € X and e € (0,1). 


= M r-'(^) - r(^), - * 1 = - fix), - 


> M / ix)-f {x),^]*fi[f ix)-f (x),- 


= *1 




> 


> 


> 


and 

„(f{x)-f+\x),t) = 

< 


< 


< 

< 


^ = fl (^f{x) - fix), 

fj.(^x- fix), M (^fix) - fix), ^ 

^^{x- fix), f^*l=fl(^X- fix), 

ff{f-\x))-f{fix)),t) 

(^f-Hx) - fix), Oi. (^fix) - fix), I) 

^ (^f-Hx) - fix), 00 = (^f-\x) - fix), 

(^f-^ix) - f-\x), (^f-Hx) - f-\x), I) 

I^(^f-^ix)-f-\x),^'^ 00 

<y(^f-Hx)-f-\x),^'^ 


= - [f-^’^-^Hx) - f-^'^-^Hx), Jzt) = - [fix) - fix), Jzt) 

< ly [x - fix),-f^ <}v [fix) - fix),i^^ 

< ly [x - fix),^^ 00 = n[x - fix),^^ 

Since ^—>00 for k —> 00 , by means of (vii) and (xiii) properties of intuitionistic 
fuzzy norm, we see intuitionistic fuzzy weak contraction map has approximate fixed 
point property. □ 
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In the following, we give definition of approximate fixed point property of a set. 
Furthermore, we prove that a dense set of intuitionistic fuzzy Banach space has 
approximate fixed point property. 

Definition 18. Let X be IFNS and let K he subset of X. Then K is said to have in- 
tuitionistie fuzzy approximate fixed point property (ifafp) if every intuitionistie fuzzy 
nonexpansive map f : K ^ K satisfies the property that sup — f (x) ,t) : x € K} = 
1 and inf {n {x — f (x) ,t):x€ K} = 0. 

Theorem 8. Let X be an intuitionistie fuzzy normed space having ifafp, K be 
dense subset of X. Then K has ifafpp. 


Proof. Let / : —>■ X be an intuitionistic fuzzy nonexpansive mapping. Firstly we 

prove that 

sup {n{x- f (x) ,t) : X e K} = sup {p. {y - f (y), s) : y £ X} 

and 

inf {v {x - f (x) ,t) : X € K} = ini n {{y - f (y) , s) : y G X} 
for t,s > 0. Since K C X, 

snp{p{y - f (y) ,s) : y € X} > sup {p{x - f (x) ,t) : x G K} 

and 

ini {n {y - f (y) , s) : y G X} < ini {v {x - f (x) ,t) : X G K} . 

Let y G X. There exists a sequence (jjk) in K such that yk y for all y G X 
because of K is dense. We know that for each k gN and t,s > 0, 

sup {p{x — f (x) ,t) : X G K} > 

> 

> 

and 

inf {iz (x — f (x) ,t) : X G K} < 

< 

< 

Since / is intuitionistic fuzzy nonexpansive mapping, it is intuitionistic fuzzy con¬ 
tinuous. Because, if yk y, then 

Sif iVk) - f (y) ,t) > p{yk-y,t) ^ 1 

t^ifiyk)-fiy),t) < v{yk-y,t) 


y ivk - f ivk) ,t) 

hivk-y + y- f{y) + f{y)- f (yk),s) 
y(^yk-y,^^ *p(y- f {y ), m fy* - / (yk) 


^ ivk - f (yk) ,t) 

{yk - y + y - f (y) + f (y) - f (yk) ,t) 

V (yk - y, (y - f (y), (vk - f {yk ), \ 


So / {yk) 




f {y) when yk y. If we take limit above inequalities, we get 
sup {p{x - f {x) ,t) : X G K} > p(^y - f (y), 0 


and 

inf {iz {x - f {x) ,t) : X G K} < n (^y - f {y) , 0 
for all y € X and t,s > 0. Thus, if we take | = s', 

sup {p {x - f {x) ,t) : X G K} > sup {p {y - f {y), s') : y G X} 
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and 

inf {ly {x - f (x) ,t) : X € K} > inf {ly {y - f (y), s') : y € X} . 

Therefore our claim is proved. Now consider any intuitionistic fuzzy nonexpansive 
mapping fx '■ K ^ K. Since K is dense, there exists a sequence (j/fc) in K such 

that j/fc y for any y G X. Since an intuitionistic fuzzy nonexpansive mapping 
is continuous, fx : K ^ K is intuitionistic fuzzy continuous and it can be extend¬ 
ing by defining / (x) = lim (p., v) — f (xk) on X. Hence we can consider / as an 
intuitionistic fuzzy nonexpansive mapping on X. Because, using Lemma 2, we get 

M (/ {x) - f{y),t)= lim sup y.{f {xk) - f (yk)) ,t> lim sup y {xk - yk,t) = y. {x, y, 

k—¥oo fc—^oo 

and . 

’^{f (x) - f{y),t) = liminfi^ (/ {xk) - f {yk)) < Um iniiy{xk - yk,t) = iy{x,y,t) 

k—¥co fc—^oo 

for all x,y € X and t > 0. Then, since X has ifafpp 

sup{y{x - f {x) ,t) : X e K} = sup {y {y - f (y) ,t) : y e X} = 1 

and 

inf {ly {x - f (x) ,t) : X € K} = ini ly {{y - f (y) ,t) :yeX}=0. 

That is, for given any intuitionistic fuzzy nonexpansive mapping f on K we have 
sup {fi {x — f (x) ,t) : X € K} = 1 and in^ {ly {x — f (x) ,t) : x G K} = 0 and K has 
(ifafpp). □ 
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